
1.) Q = 9.10 µC fixed at origin, q = -0.420 µC and mass of 3.2 x 10-4 kg a distance r1 = 0.960 m from Q.

a.)

€ 

U = k Qq
r

= 9 x 109 N ⋅m2

C2

9.1 x 10-6 C( ) -0.42 x 10-6 C( )
0.96 m

=  - 0.0358 J

b.) r1 = 0.960 m r2 = 0.240 m q loses potential energy and gains kinetic energy moving towards Q.

Using Conservation of Energy:

€ 

K1 +U1 = K2 +U2

€ 

k Qq
x1

=
1
2
mv2

2 + k Qq
x2

€ 

K1 = 0 since v1 = 0( ) so

€ 

1
2
mv2

2 = k Qq
x1

− k Qq
x2

= kQq 1
x1
−
1
x2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

v2 =
2kQq
m

1
x1
−
1
x2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

v2 =

2 9 x 109 N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 9.1 x 10-6 C( ) -0.42 x 10-6 C( )
3.2 x 10-4 kg

1
0.96 m

−
1

0.24 m
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =    25.9 m

s

Check units:

€ 

v2 f =[ ] m/s( )2
+

N ⋅m2

C2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ C( ) C( )

kg( )
1
m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟     =[ ] m/s( )2

+

kg ⋅m
s2 ⋅m2

C2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ ⎟ 

C( ) C( )

kg( )
1
m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =[ ] m/s( )2

=[ ] m/s (units work out)

2.) q1 = -5.80 µC fixed at x = 0, q2 = +4.30 µC moves from x= 0.260 m to x = 0.380 m

(q2 is moving against the field so the field does negative work)

 

€ 

W = −ΔU = − k q1q2
x2

− k q1q2
x1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −kq1q2

1
x2
−
1
x1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

W = −9 x 109 N ⋅m2

C2 -5.8 x 10-6 C( ) 4.3 x 10-6 C( ) 1
0.38 m

−
1

0.26 m
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =  - 0.273 J

Check units:

€ 

W  =[ ] N ⋅m2

C2 C( ) C( )
1
m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟   =[ ]    N ⋅m  =[ ]  J (units work out)

q1 = -5.80 µC q2 = +4.30 µC

x = 0 x1 = 0.26 m x2 = 0.38 m
Eq1

Q = 9.10 µC q = -0.420 µC

x = 0 x2 = 0.24 m x1 = 0.96 m
v1 = 0EQ

HO 31 Solutions



3.) q1 = +5.80 µC fixed at x = 0, q2 = +4.30 µC moves from x= 0.260 m to x = 0.380 m

(q2 is moving with the field so the field does positive work)

€ 

W = −ΔU = − k q1q2
x2

− k q1q2
x1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = kq1q2

1
x2
−
1
x1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

W = −9 x 109 N ⋅m2

C2 5.8 x 10-6 C( ) 4.3 x 10-6 C( ) 1
0.38 m

−
1

0.26 m
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =  + 0.273 J

4.) q1 = q2 = q3 = 840 nC fixed on an equilateral triangle with sides of 1.00 m

€ 

U = k
qiq j
riji< j

∑ = k q1q2
r12

+ k q1q3
r13

+ k q2q3
r23

= k q1q2
r12

+
q1q3
r13

+
q2q3
r23

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

U = 9 x 109 N ⋅m2

C2

840 x 10-9C( ) 840 x 10-9C( )
1 m

+
840 x 10-9C( ) 840 x 10-9C( )

1 m
+

840 x 10-9C( ) 840 x 10-9C( )
1 m

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

=   + 0.0191 J

5.) q1 = 840 nC, q2 = q3 = -840 nC fixed on an equilateral triangle with sides of 1.00 m

€ 

U = k
qiq j
riji< j

∑ = k q1q2
r12

+ k q1q3
r13

+ k q2q3
r23

= k q1q2
r12

+
q1q3
r13

+
q2q3
r23

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

U = 9 x 109 N ⋅m2

C2

840 x 10-9 C( ) -840 x 10-9 C( )
1 m

+
840 x 10-9 C( ) -840 x 10-9 C( )

1 m
+

-840 x 10-9 C( ) -840 x 10-9 C( )
1 m

⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ =  - 0.00635 J

6.)
a.)

€ 

U = k
qiq j
riji< j

∑ = k q1q2
r12

+ k q1q3
r13

+ k q2q3
r23

= k q1q2
r12

+
q1q3
r13

+
q2q3
r23

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

U = 9 x 109 N ⋅m2

C2

2 x 10-9C( ) -3 x 10-9C( )
0.2 m

+
2 x 10-9C( ) 5 x 10-9C( )

0.1 m
+

-3 x 10-9C( ) 5 x 10-9C( )
0.1 m

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

=  - 7.2 x 10-7  J

b.)

€ 

U = k
qiq j
riji< j

∑ = k q1q2
r12

+ k q1q3
r13

+ k q2q3
r23

= k q1q2
r12

+
q1q3
r13

+
q2q3
r23

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = 0

q1 = 2 nC q3 = 5 nC q2 = -3 nC

x = 0 x = 10 cm x = 20 cm

q1 = 2 nC q3 = 5 nC q2 = -3 nC

x = 0 x x = 20 cm

q1 = +5.80 µC q2 = +4.30 µC

x = 0 x1 = 0.26 m x2 = 0.38 m

Eq1

q3

q1 q21 m

1 m 1 m

HO 31
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€ 

9 x 109 N ⋅m2

C2

2 x 10-9C( ) -3 x 10-9C( )
0.2 m

+
2 x 10-9C( ) 5 x 10-9C( )

x
+

-3 x 10-9C( ) 5 x 10-9C( )
0.2 m− x( )

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

=  0

€ 

-6
0.2 m

+
10
x

+
-15

0.2 m− x( )
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =  0 so

€ 

-6x 0.2 m− x( ) +10 0.2 m( ) 0.2 m− x( ) -15 0.2 m( )x
0.2 m( )x 0.2 m− x( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =  0

€ 

-1.2 m( )x + 6x 2 + 0.4 m2 − 2 m( )x - 3 m( )x
0.04 m2( )x − 0.2 m( )x 2

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

=  0 and

€ 

6x 2 − 6.2 m( )x + 0.4 m2

− 0.2 m( )x 2 + 0.04 m2( )x
⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

=  0

€ 

6x 2 − 6.2 m( )x + 0.4 m2 =  0 x = 0.0691 m   or   x = 0.964 m   (must be between the charges)

7.) q1 = +7.50 µC
q2 = +7.50 µC
m2 = 2.00 g
r1 = 0.800 m
v2i  = 22.0 m/s

a.) when r2 = 0.500 m find v2f

Conservation of Energy

€ 

K1 +U1 = K2 +U2

€ 

1
2
mv2i

2 + k q1q2
r1

=
1
2
mv2 f

2 + k q1q2
r2

and

€ 

1
2
mv2 f

2 =
1
2
mv2i

2 + k q1q2
r1

− k q1q2
r2

€ 

v2 f = v2i
2 +
2kq1q2
m

1
r1
−
1
r2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

v2 f
= 22 m/s( )2

+

2 9 x 109 N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 7.5 x 10-6 C( ) 3 x 10-6 C( )

2 x 10-3 kg( )
1

0.8 m
−

1
0.5 m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟     =  18.2 m

s

b.) closest when v2f = 0

€ 

K1 +U1 = K2 +U2 or

€ 

1
2
mv2i

2 + k q1q2
r1

= k q1q2
r2

€ 

1
r2

=
mv2i

2

2kq1q2
+
1
r1

=
mv2i

2r1 + 2kq1q2
2kq1q2r1

and

€ 

r2 =
2kq1q2r1

mv2i
2r1 + 2kq1q2

€ 

r2 =

2 9 x 109 N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 7.5 x 10-6 C( ) 3 x 10-6 C( ) 0.8 m( )

2 x 10-3  kg( ) 22 m/s( )2 0.8 m( ) + 2 9 x 109 N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 7.5 x 10-6 C( ) 3 x 10-6 C( )

   =   0.275 m

q2

v = 22.0 m/s

q1

0.800 m

HO 31 Solutions



Check units:

€ 

r2 =[ ]

N ⋅m2

C2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ C( ) C( ) m( )

kg( ) m/s( )2 m( ) +
N ⋅m2

C2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ C( ) C( )

   =[ ]  

kg ⋅m
s2 ⋅m2

C2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ ⎟ 

C( ) C( ) m( )

kg( ) m/s( )2 m( ) +

kg ⋅m
s2 ⋅m2

C2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ ⎟ 

C( ) C( )

 =[ ]  m  (units work out)

8.) r = 0.750 m

V = 48.0 V

€ 

V =
kq
r

so

€ 

q =
Vr
k

=
48 V( ) 0.75 m( )

9 x 109 N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

  =   4 x 10-9 C =  4 nC

Check units:

€ 

q =[ ]
V ⋅m

N ⋅m2

C2

  =[ ] 

J
C
⋅m

N ⋅m2

C2

=[ ]

N ⋅m
C

⋅m

N ⋅m2

C2

=[ ] C (units work out)

9.)

a.) Work Energy Theorem

€ 

W = ΔKE

€ 

W = K2 −K1 =   2.5 x 10-6  J

b.)

€ 

W = −ΔU and

€ 

ΔV =
ΔU
q

so

€ 

ΔV =
-2.5 x 10 -6 J
4.3 x 10-9 C

= -581 V

€ 

ΔV = V2 −V1 = -581 V so

€ 

V1 −V2 =  581 V

c.)   

€ 

W =
v 
F ⋅

v 
d = Fdcosθ (the field is uniform so the force is uniform)

€ 

W = Fd (the force of the field F and the distance moved d are in the same direction, θ = 0)

€ 

W = qEd (This is how E is defined)

€ 

W = qEd so

€ 

E =
W
qd

=
2.5 x 10-6 J

4.3 x 10-9 C( ) 0.05 m( )
=  1.16 x 104 V

m

Check units:

€ 

E =[ ]  J
C ⋅m

 =[ ]  V
m

(units work out)

v1 = 0  so  K1 = 0q = 4.30 nC

E

K2 = 2.5 x 10-6 J

d = 5.00 cm

HO 31 Solutions



10.)

  

€ 

W =
v 
F ⋅

v 
d = Fdcosθ (the field is uniform so the force is uniform)

€ 

W = qEdcosθ

a.) moving 0.45 m to the right θ = 90˚

€ 

W = qEdcosθ = 37 x 10 -9 C( ) 5 x 104 N
C

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 0.45 m( )cos 90°( ) =  0

b.) moving 0.67 m downward θ = -180˚

€ 

W = qEdcosθ = 37 x 10-9 C( ) 5 x 104 N
C

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 0.67 m( )cos 180°( ) =  -1.24 x 10-3 J

c.) moving 0.58 m upward θ = 0˚

€ 

W = qEdcosθ = 37 x 10-9 C( ) 5 x 104 N
C

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 0.58 m( )cos 0°( ) =  1.07 x 10-3 J

d.) moving 2.60 m at an angle 45˚ upward from the horizontal θ = 45˚

€ 

W = qEdcosθ = 37 x 10-9 C( ) 5 x 104 N
C

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 2.6 m( )cos 45°( ) =  3.4 x 10-3 J

E = 5.00 x 104 N/C

q = 37.0 nC

HO 31 Solutions



1.)

q1 = +6.80 nC
q2 = -5.10 nC

a.)

€ 

VA =
kq1

r1
+
kq2

r2
=

9 x 109  N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 6.8 x 10-9C( )

0.5 m
+

9 x 109  N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ -5.1 x 10-9C( )

0.5 m
=   + 306 V

Check units:

€ 

VA  =[ ] 

N ⋅m2

C2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ C( )

m
 =[ ] N ⋅m

C
 =[ ] J

C
 =[ ]  V (units work out)

b.)

€ 

VB =
kq1

r1
+
kq2

r2
=

9 x 109  N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 6.8 x 10-9C( )

0.08 m
+

9 x 109  N ⋅m2

C2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ -5.1 x 10-9C( )

0.06 m
=   0

c.)

€ 

W = −ΔU = −qoΔV = −qo VA −VB( ) = − 2.5 x 10-9C( ) 306 V− 0( ) =  - 7.65 x 10-7 J

d.)

€ 

W = −ΔU = −qoΔV = −qo VB −VA( ) = − 2.5 x 10-9C( ) 0− 306 V( ) =   7.65 x 10-7 J

e.)

€ 

W = −ΔU = −qoΔV = −qo VA −VB( ) = − -2.5 x 10-9C( ) 306 V− 0( ) =  7.65 x 10-7 J

2.) Must consider 3 cases.  (At each charge there will be an asymptote.)

1.) -a < y < a

2.) y > a

3.) y < -a

a.)
Case 1: (-a < y < a)

€ 

V =
kq
r

∑ = k −q
a− y

+
q

a+ y
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = k

−q a+ y( ) + q a− y( )
a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k −qa− qy + qa− qy
a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k −2qy

a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =

−2kqy
a 2 − y 2( )

€ 

V =
2kqy
y 2 − a 2( )

(a < y < a)

q2q1

0.100 m
A

B
0.080 m 0.060 m

q -a

a

y

x

-q

q -a

a

y

x

-q
y

r = a - y

r = a + y

HO 32 Solutions



Case 2: (y > a)

€ 

V =
kq
r

∑ = k −q
y − a

+
q

a+ y
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = k

−q a+ y( ) + q y − a( )
y − a( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k −qa− qy + qy − qa
y − a( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k −2qa

y − a( ) y + a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =

−2kqa
y 2 − a 2( )

€ 

V =
−2kqa
y 2 − a 2( )

(y > a)

Case 3: (y < -a)

€ 

V =
kq
r

∑ = k −q
a− y

+
q

− a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k −q

a− y( )
+

−q
a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k
−q a+ y( ) − q a− y( )

a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k −qa− qy − qa+ qy

a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k −2qa

a 2 − y 2( )

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

€ 

V =
2kqa
y 2 − a 2( )

(y < -a)

b.)

The potential approaches infinity from either side at the location of the two charges.  It is zero between the charges 
at x = 0.  The potential also approaches zero for 

€ 

x = ±∞ .

q -a

a

y

x

-q
y

r = y - a

r = a + y

q -a

a

y

x

-q

y

r = a - y

r = -(a + y)

y

V

-4a
4a

-a a

HO 32 Solutions



c.) reversing charges

Case 1: (-a < y < a) Case 2: (a < y) Case 3: (y < -a)

€ 

V = k q
a− y

+
−q
a+ y

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

V = k q
y − a

+
−q
a+ y

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

V = k q
a− y

+
−q

− a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k
q a+ y( ) − q a− y( )

a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k
q a+ y( ) − q y − a( )

y − a( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k q
a− y

+
q

a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k qa+ qy − qa+ ay
a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k qa+ qy − qy + qa
y − a( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k
q a+ y( ) + q a− y( )

a− y( ) a+ y( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V =
2kqy
a 2 − y 2( )

€ 

V =
2kqa
y 2 − a 2( )

€ 

V = k qa+ qy + qa− qy
a 2 − y 2( )

⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 

€ 

V =
−2kqy
y 2 − a 2( )

€ 

V =
−2kqa
y 2 − a 2( )

Mirror image of the previous part.

y

V

-4a
4a

-a a

HO 32 Solutions



3.) Again must consider 3 cases: (At each charge there will be an asymptote.)

1.) 0 < x < a

2.) x > a

3.) x < 0

a.)

Case 1: (0 < x < a)

€ 

V =
kq
r

∑ = k q
x

+
−2q
a− x

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = k

q a− x( ) − 2qx
x a− x( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k qa− qx − 2qx
x a− x( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k qa− 3qx

x a− x( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V =
kq 3x − a( )
x x − a( )

Case 2: (x > a)

€ 

V =
kq
r

∑ = k q
x

+
−2q
x − a

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = k

q x − a( ) − 2qx
x x − a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k qx − qa− 2qx
x x − a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k −qa− qx

x x − a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V =
−kq x + a( )
x x − a( )

Case 3: (x < 0)

€ 

V =
kq
r

∑ = k q
−x

+
−2q
−x + a

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = k −q

x
+
2q
x − a

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = k

−q x − a( ) + 2qx
x x − a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V = k −qx + qa+ 2qx
x x − a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = k qa+ qx

x x − a( )

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

V =
kq x + a( )
x x − a( )

q

a

y

x

-2q

r = a - x
r = x

q

a

y

x

-2q

r = x - ar = x

q

a

y

x

-2q

r = -x + ar = -x

q

a

y

x

-2q
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b.)

c.)

for 0 < x < a:

€ 

V =
kq 3x − a( )
x x − a( )

= 0 when

€ 

3x − a = 0 or

€ 

x =
a
3

for x < 0:

€ 

V =
kq x + a( )
x x − a( )

= 0 when

€ 

x + a = 0 or

€ 

x = −a

d.) for x >> a

€ 

V =
−kq x + a( )
x x − a( )

(x > a)

€ 

V =
−kq x + a( )
x x − a( )

≈
−kq x( )
x x( )

=   −kq
x

(Looks like a point charge with qo = (-2q + q) = -q.)

a

V

x
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4.)

For a sheet charge 

€ 

E =
σ
2εo

 and is directed away from (+) sheets and towards (-) sheets.

€ 

E = E+ + E− =
σ
2εo

+
σ
2ε o

=
σ
εo

=  670 N
C

a.)
  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ so

€ 

V+ −V− = − Edy =
y2

y1
∫ −

σ
εo
dy =

y2

y1
∫ −

σ
εo

dy =
y2

y1
∫ −

σ
εo
y
⎤ 

⎦ 
⎥ 
y2

y1

€ 

V+ −V− = −
σ
εo

y1 − y2( ) =
σ
εo

y2 − y1( )

€ 

V+ −V− = 670 N
C

0.0052 m− 0( ) =   34.84 V

Check units:

€ 

V+ −V− =[ ] N
C

m( ) =[ ]  J
C

  =[ ]  V (units work out)

b.)

€ 

E =
σ
εo

so

€ 

σ = Eεo = 670 N
C

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 8.854 x 10-12 C2

N ⋅m2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =    5.93 x 10-9 C

m2

5.)

for r > R

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo

€ 

E4πr 2 =
Q
εo

and 

€ 

E =
Q

4πεor
2

Total charge Q so 

€ 

ρ =
Q
V

=
Q

4
3
πR3

=
3Q
4πR3

Integration starts at r = ∞ (where V = 0) to a point r which is outside the charged sphere.

  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ and

€ 

Vr −V∞ = −
Q

4πεor
2 dr

∞

r
∫ = −

Q
4πεo

1
r 2
dr

∞

r
∫

€ 

Vr − 0 = −
Q
4πεo

r−2dr
∞

r
∫ = −

Q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
∞

r

=
Q
4πεo

1
r
−
1
∞

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ and

€ 

Vr =
Q

4πεor
(r > R)

+ + + + + +

_ _ _ _ _ _

+σ

-σ

E

y1 = 0

y2 = 52 x 10-3 m

R

ρ r
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For r < R

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo

€ 

E4πr 2 =
ρV
εo

=

3Q
4πR 3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
4
3
πr 3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

εo
=

Q
R3 r

3

εo

€ 

E =
Qr

4πεoR
3

Integration starts at r = R to a point r which is inside the charged sphere.

when r = R,

€ 

VR =
Q

4πεoR
(using expression for the potential outside the sphere when r = R)

  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ and

€ 

Vr −VR = −
Qr

4πεoR
3 dr

R

r
∫ = −

Q
4πεoR

3 rdr
R

r
∫

€ 

Vr −
Q

4πεoR
= −

Q
4πεoR

3
r 2

2
⎤ 

⎦ 
⎥ 
R

r

= −
Q

4πεoR
3
r 2

2
−
R2

2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr −
Q

4πεoR
= −

Q
8πεoR

3 r
2 +

Q
8πεoR

3 R
2

€ 

Vr = −
Q

8πεoR
3 r

2 +
Q

8πεoR
+

Q
4πεoR

€ 

Vr = −
Q

8πεoR
3 r

2 +
3Q

8πεoR
=

Q
8πεoR

3− r 2

R2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ r < R

Notice that there is continuity between the expressions for potential when r = R.

€ 

VR r < R( ) = −
Q

8πεoR
3 R

2 +
3Q

8πεoR
= −

Q
8πεoR

+
3Q

8πεoR
=

2Q
8πεoR

=
Q

4πεoR
= VR r > R( )

R

ρ
r

rR

V

€ 

3Q
8πεoR

€ 

Q
4πεoR

HO 32 Solutions



6.)

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo

€ 

E2πrL =
λL
εo

so

€ 

E =
λ

2πεor

€ 

K1 +U1 = K2 +U2 or

€ 

K1 + qV1 = K2 + qV2

At closest approach, the velocity v2 = 0 and K2 = 0.

€ 

K1 + qV1 = K2 + qV2 so

€ 

1
2
mv1

2 = qV2 − qV1 = q V2 −V1( )

  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ so

€ 

V2 −V1 = −
λ

2πεorr1

r2
∫ dr =

−λ
2πεo

1
rr1

r2
∫ dr

€ 

V2 −V1 =
−λ
2πεo

lnr
⎤ 

⎦ 
⎥ 
r1

r2

=
λ
2πεo

lnr
⎤ 

⎦ 
⎥ 
r2

r1

=
λ
2πεo

lnr1 − lnr2( )

€ 

V2 −V1 =
λ
2πεo

ln r1
r2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

1
2
mv1

2 = q V2 −V1( ) =
qλ
2πεo

ln r1
r2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

πεomv1
2

qλ
= ln r1

r2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ and

€ 

exp πεomv1
2

qλ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

r1
r2

€ 

r2 =
r1

exp πεomv1
2

qλ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

r2 =
0.18 m

exp
π 8.85x10-12 C2

N ⋅m2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 1.67x10-27  kg( ) 2.5x103 m/s( )

2

1.6x10-19C( ) 4x10-12 C
m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 

€ 

r2 = 0.11 m

L

λ = 4.00 x 10-12 C/m
r1 = 18.0 cm
q = 1.60 x 10-19 C
m = 1.67 x 10-27 kg
v1 = 2.50 x 103 m/s

r

E

λ = 4.00 x 10-12 C/m
r1 = 18.0 cm
q = 1.60 x 10-19 C
m = 1.67 x 10-27 kg
v1 = 2.50 x 103 m/s
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7.) Looking at a cross-section of the cable:

The inner cylinder is a conductor so all the charge +λ will be on its outer surface.  
Since the outer cylinder is also a conductor a charge -λ will induced on its inner surface
due to the field of the charge on the inner cylinder.  Since the net charge on the outer 
surface is zero, then there must be a charge +λ on its outer surface.  The electric field 
between the cylinders is due to the charge on the inner cylinder only.  Using a 
cylindrical surface radius r and length L:

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo

€ 

E2πrL =
λL
εo

so

€ 

E =
λ

2πεor
and points radially outward.

The  potential difference is:
  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫

€ 

Va −Vb = −
λ

2πεorb

a
∫ dr =

−λ
2πεo

1
rb

a
∫ dr

€ 

Va −Vb =
−λ
2πεo

lnr
⎤ 

⎦ 
⎥ 
b

a

=
λ
2πεo

lnr
⎤ 

⎦ 
⎥ 
a

b

=
λ
2πεo

lnb− lna( )

€ 

Va −Vb =
λ
2πεo

ln b
a
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 

a
b

c

+λ

+

+

+

+ - +

-
+

-+

-
+

-

-

-

-

+

++

+ +

+
+

+
-λ

+λ

r
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1.)

€ 

dV = k dq
r

= k dq
a

€ 

V = k dq
a

=
k
a

dq =∫∫
k
a
Q

€ 

V =
kQ
a

=
λπa
4πεoa

=
λ
4εo

2.)

a.)

€ 

dV = k dq
r

= k dq
x 2 + a 2

€ 

V = k dq
x 2 + a 2

∫ =
k

x 2 + a 2
dq∫ =

k
x 2 + a 2

Q

€ 

V =
1

4πεo
Q

x 2 + a 2

b.)

€ 

Ex = k Qx

x 2 + a 2( )
3
2

so

€ 

Vx2 −Vx1 = − Exdx
x1

x2
∫ = − k Qx

x 2 + a 2( )
3
2
dx =

x1

x2
∫ − k Q

2 x 2 + a 2( )
3
2
2xdx( )

x1

x2
∫

€ 

Vx2 −Vx1 = −
kQ
2

x 2 + a 2( )
−3
2 2xdx( )

x1

x2
∫ = −

kQ
2

x 2 + a 2( )
−1
2

−1
2

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
x1

x2

€ 

Vx2 −Vx1 = kQ 1

x2
2 + a 2( )

1
2
−

1

x1
2 + a 2( )

1
2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 

€ 

Vx1 = 0 as x1 →∞( )

€ 

Vx2
− 0 = kQ 1

x2
2 + a 2( )

1
2
− 0

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 

=   k Q

x2
2 + a 2

€ 

Vx2 =
1

4πεo
Q

x2
2 + a 2

Q

P x

y

a

P
θ

dq = λds = λadθ

€ 

λ =
Q
πa

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

Q

x

a

O

y

z

x

Q

x

a

O

y

z

x
€ 

r = x 2 + a 2
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3.)
  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ and get E using Gauss’s Law.

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo
and for spherical Gaussian surfaces

€ 

E4πr 2 =
qenclosed
εo

€ 

E =
qenclosed
4πεor

2

a.) for r > c, qenclosed = +q –q + q = q and

€ 

E =
q

4πεor
2

Integration starts at r = ∞ (where V = 0) to a point r which is outside the charged spheres.

€ 

Vr −V∞ = −
q

4πεor
2 dr

∞

r
∫ = −

q
4πεo

1
r 2
dr

∞

r
∫

€ 

Vr − 0 = −
q

4πεo
r−2dr

∞

r
∫ = −

q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
∞

r

=
q

4πεo
1
r
−
1
∞

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
q

4πεor
(r > c) so

€ 

Vc =
q

4πεoc

b.) for b < r < c, qenclosed = +q –q = 0 so

€ 

E =
0

4πεor
2 = 0 (inside a conductor)

€ 

Vr −Vc = − 0dr
c

r
∫ = 0  and  Vr = Vc

€ 

Vr =
q

4πεoc
(b < r < c) so

€ 

Vb =
q

4πεoc
(a conductor is an equipotential surface)

c.) for a < r < b, qenclosed = +q so

€ 

E =
q

4πεor
2

€ 

Vr −Vb = −
q

4πεor
2 dr

b

r
∫ = −

q
4πεo

1
r 2
dr

b

r
∫

€ 

Vr −
q

4πεoc
= −

q
4πεo

r−2dr
b

r
∫ = −

q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
b

r

=
q

4πεo
1
r
−
1
b

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
q

4πεo
1
r
−
1
b

+
1
c

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ (a < r < b) so

€ 

Va =
q

4πεo
1
a
−
1
b

+
1
c

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

d.) for 0 < r < a, qenclosed = 0 so E = 0 (inside a conductor)

€ 

Vr −Va = − 0dr
a

r
∫ = 0  and  Vr = Va (0 < r < a)

€ 

Vr = Va =
q

4πεo

1
a
−

1
b

+
1
c

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟   and  V0 =

q
4πεo

1
a
−

1
b

+
1
c

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ (a conductor is an equipotential surface)

a

b

c

+
+

+

+

+

++ + +

+

+

++

++

+

- -

-

-

-

-

-

-

q
-q

q
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4.)

  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ and get E using Gauss’s Law.

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo
and for spherical Gaussian surfaces

€ 

E4πr 2 =
qenclosed
εo

€ 

E =
qenclosed
4πεor

2

For r > 2R, qenclosed = Q + Q = 2Q and

€ 

E =
2Q

4πεor
2

Integration starts at r = ∞ (where V = 0) to a point r which is outside the charged spheres.

€ 

Vr −V∞ = −
2Q

4πεor
2 dr

∞

r
∫ = −

2Q
4πεo

1
r 2
dr

∞

r
∫

€ 

Vr − 0 = −
2Q
4πεo

r−2dr
∞

r
∫ = −

2Q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
∞

r

=
2Q
4πεo

1
r
−
1
∞

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
Q

2πεor
(r > 2R) so

€ 

V2R =
Q

4πεoR

for R < r < 2R, qenclosed = Q so

€ 

E =
Q

4πεor
2

€ 

Vr −V2R = −
Q

4πεor
2 dr

2R

r
∫ = −

Q
4πεo

1
r 2
dr

2R

r
∫

€ 

Vr −
Q

4πεoR
= −

Q
4πεo

r−2dr
2R

r
∫ = −

Q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
2R

r

=
Q
4πεo

1
r
−
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
Q
4πεo

1
r
−
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +

Q
4πεoR

=
Q
4πεo

1
r
−
1
2R

+
1
R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

Q
4πεo

1
r

+
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

so

€ 

VR =
Q
4πεo

1
R

+
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

Q
4πεo

2
2R

+
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ and

€ 

VR =
3Q

8πεoR

€ 

VR −V2R =
3Q

8πεoR
−

Q
4πεoR

=
3Q

8πεoR
−

2Q
8πεoR

=   Q
8πεoR

Since we are only looking for the potential difference between the outer and inner spheres and not the value for the 
potential everywhere, we really only need to look at the field between the spheres.

€ 

VR −V2R = −
Q

4πεor
2 dr

2R

R
∫ = −

Q
4πεo

1
r 2
dr

2R

R
∫

€ 

VR −V2R = −
Q
4πεo

r−2dr
2R

R
∫ = −

Q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
2R

R

=
Q
4πεo

1
R
−
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

Q
4πεo

2
2R

−
1
2R

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

VR −V2R =
Q

8πεoR

2R

R

+

+

+ +

+

+ +

+

Q

Q
+

+

+

+

++

+

+

r
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5.)
a.)

€ 

dq = λdu =
Q
a
du

€ 

dV = k dq
r

= k λdu
x − u( )

€ 

V = k λdu
x − u( )−a

0
∫ = kλ du

x − u( )−a

0
∫ = −kλ −du

x − u( )−a

0
∫

€ 

V = −kλ ln x − u( )]
−a

0
= −kλ lnx − ln x + a( )( ) = kλ ln x + a( ) - lnx( )

€ 

V = kλln
x + a( )
x

and

€ 

V =
λ
4πεo

ln
x + a( )
x

(x > 0)

b.)

€ 

dq = λdu =
Q
a
du

€ 

dV = k dq
r

= k λdu
u 2 + y 2

€ 

V = k λdu
u 2 + y 2−a

0
∫ = kλ du

u 2 + y 2−a

0
∫

€ 

dx
x 2 + y 2

∫ =  ln x + x 2 + y 2⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ +C (from integral tables)

€ 

V = kλ du
u 2 + y 2−a

0
∫ =  kλ  ln u + u 2 + y 2⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ ⎤ 
⎦ ⎥ −a

0

€ 

V =  kλ  ln 0 + 02 + y 2⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ − ln −a + a 2 + y 2⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ ⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ = kλ ln y

−a + a 2 + y 2⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ 

€ 

V =  Q
4πεoa

ln y

−a + a 2 + y 2⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ 

Aside: (for fun)

€ 

let  x = y tanθ  and dx = ysec2θdθ

€ 

dx
x 2 + y 2

∫ =
y sec2θdθ

y 2 tan2θ +1( )
∫ =

y sec2θdθ
y sec2θ

∫ = secθdθ∫ = secθ secθ + tanθ
secθ + tanθ
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ dθ∫ =  sec2θ + secθ tanθ

secθ + tanθ
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ dθ∫

€ 

=  sec2θ + secθ tanθ
tanθ + secθ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ dθ∫ = ln tanθ + secθ( ) +C

since 

€ 

tanθ =
x
y

 and secθ = 1+ tan2θ = 1+
x
y
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 

2

€ 

ln tanθ + secθ( ) +C = ln x
y

+ 1+
x
y
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 

2⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
+C = ln x

y
+
1
y

y 2 + x 2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +C

€ 

= ln x + y 2 + x 2

y

⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ + C = ln x + y 2 + x 2⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ − ln y( ) + C = ln x + y 2 + x 2⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ + ʹ′ C where

€ 

ʹ′ C = −ln y( ) + C

x

y

P

a
dq

x
€ 

u

€ 

r = x − u

R

x

y

a
dq

€ 

u€ 

r = u 2 + y 2
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6.)

a.)

€ 

dV = k dq
d

= k σ 2πrdr
x 2 + r 2

€ 

V = k σ 2πrdr
x 2 + r 20

R
∫ = kσπ 2rdr

x 2 + r 20

R
∫ = kσπ x 2 + r 2( )

−1
2 2rdr

0

R
∫

€ 

V = kσπ
x 2 + r 2( )

1
2

1
2

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
0

R

= 2kσπ x 2 + R2( )
1
2 − x 2 + 02( )

1
2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

V = 2kσπ x 2 + R2( )
1
2 − x

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = 2kσπ x 2 + R2 − x⎛ 

⎝ 
⎜ ⎞ 

⎠ 
⎟ 

€ 

V =
2Qπ

4πεoπR
2 x 2 + R2 − x⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ =

Q
2πεoR

2 x 2 + R2 − x⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ 

€ 

V =
Q

2πεoR
2 x 2 + R2 − x⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ (for points on the x-axis)

Note that when x → ∞

€ 

V =
Q

2πεoR
2 x 2 − x⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ =

Q
2πεoR

2 x − x( ) = 0

b.)

€ 

Ex = −
dV
dx

€ 

Ex = −
d
dx

Q
2πεoR

2 x 2 + R2 − x⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −

Q
2πεoR

2
d
dx

x 2 + R2 − x⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ ⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

€ 

Ex = −
Q

2πεoR
2

2x
2 x 2 + R2

−1
⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = −

Q
2πεoR

2
x

x 2 + R2
−1

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

€ 

Ex =
Q

2πεoR
2 1−

x
x 2 + R2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

(This is the same result found in class using when finding the electric field of a uniform disk for points on the x-axis.)

x

z

y

R
σ

€ 

d = x 2 + r 2

€ 

σ =
Q
A

=
Q
πR2

 r

dr

€ 

dq =σdA

€ 

dA = 2πrdr

€ 

dq =σ 2πrdr
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7.) The electric field outside a conductive sphere can be obtained using Gauss’s Law.

  

€ 

v 
E ⋅d

v 
A ∫ =

qenclosed

εo
and for spherical Gaussian surfaces

€ 

E4πr 2 =
qenclosed
εo

€ 

E =
qenclosed
4πεor

2 =
Q

4πεor
2 for both spheres

a.)

To get the electric potential:
  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫

Integration starts at r = ∞ (where V = 0) to a point r which is outside the charged sphere.

€ 

Vr −V∞ = −
Q

4πεor
2 dr

∞

r
∫ = −

Q
4πεo

1
r 2
dr

∞

r
∫

€ 

Vr − 0 = −
Q
4πεo

r−2dr
∞

r
∫ = −

Q
4πεo

r−1

−1( )
⎤ 

⎦ 
⎥ 
∞

r

=
Q
4πεo

1
r
−
1
∞

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
Q

4πεor
for both spheres

For smaller sphere at the surface r = R and

€ 

VR =
QB

4πεoR

For larger sphere at the surface r = 3R and

€ 

V3R =
QA

4πεo 3R
=

QA

12πεoR

The electric potential is the same for both on the surface so

€ 

VR = V3R and

€ 

QB

4πεoR
=

QA

12πεoR
and

€ 

QB

QA

=
4πεoR

12πεoR
=  1

3

€ 

QB

QA

=  1
3

b.)

For smaller sphere at the surface r = R and 

€ 

ER =
QB

4πεoR
2 = EB

For larger sphere at the surface r = 3R and

€ 

E3R =
QA

4πεo 3R( )2
=

QA

36πεoR
2 = EA

Since

€ 

QB

QA

=  1
3

it follows that

€ 

EB

EA

=

QB

4πεoR
2

QA

36πεoR
2

=
QB

QA

36πεoR
2

4πεoR
2 =

1
3
9
1
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 

€ 

EB

EA

= 3
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8.)
a.)

  

€ 

Va −Vb = −
v 
E .dv r 

b

a
∫ and get E using Gauss’s Law

€ 

E4πr 2 =
qenclosed
εo

€ 

E =
qenclosed
4πεor

2

(r > a)

Outside the sphere the field is due to the entire charge.

€ 

qenclosed = qtotal = ρ r( )∫ dV this is more difficult because charge density is a function of r

for a sphere:

€ 

V =
4
3
πr 3 so dV

dr
= 4πr 2 and dV = 4πr 2dr

The total charge is:

€ 

qtotal = ρ r( )∫ dV = ρo
r
a
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
3

0

a
∫ 4πr 2dr =

4πρo
a 30

a
∫ r 5dr

€ 

qtotal =
4πρo
a 3

r 5dr
0

a
∫ =

4πρo
a 3

r 6

6
⎤ 

⎦ 
⎥ 
0

a

=
4πρo
a 3

a 6

6
− 0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

4πρoa
6

6a 3

€ 

qtotal =
2πρoa

3

3

Therefore:

€ 

E =
qenclosed
4πεor

2 =

2πρoa
3

3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

4πεor
2 =

ρoa
3

6εor
2

Integration starts at r = ∞ (where V = 0) to a point r which is outside the charged sphere.

€ 

Vr −V∞ = −
ρoa

3

6εor
2 dr

∞

r
∫ = −

ρoa
3

6εo
1
r 2
dr

∞

r
∫ = −

ρoa
3

6εo
r−2dr

∞

r
∫

€ 

Vr − 0 = −
ρoa

3

6εo
r−1

−1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
⎤ 

⎦ 
⎥ 
∞

r

=
ρoa

3

6εo
1
r
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 
⎤ 

⎦ 
⎥ 
∞

r

=
ρoa

3

6εo
1
r
−
1
∞

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

ρoa
3

6εo
1
r
− 0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
ρoa

3

6εor
(r > a)

(r < a)

Inside the sphere the field is only due the portion of the charge that is enclosed by the Gaussian surface.

€ 

qenclosed = ρ r( )∫ dV = ρo
r
a
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
3

0

r
∫ 4πr 2dr =

4πρo
a 30

r
∫ r 5dr

€ 

qenclosed =
4πρo
a 3

r 5dr
0

r
∫ =

4πρo
a 3

r 6

6
⎤ 

⎦ 
⎥ 
0

r

=
4πρo
a 3

r 6

6
− 0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

4πρor
6

6a 3

a

€ 

ρ r( ) = ρo
r
a
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 
3
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€ 

qenclosed =
2πρor

6

3a 3

Using Gauss’s Law:

€ 

E =
qenclosed
4πεor

2 =

2πρor
6

3a 3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

4πεor
2

€ 

E =
ρor

4

6εoa
3 (r < a)

Integration starts at r = a (where 

€ 

Va =
ρoa

3

6εoa
=
ρoa

2

6εo
) to a point r which is inside the charged sphere.

€ 

Vr −Va = −
ρor

4

6εoa
3 dr

a

r
∫ = −

ρo
6εoa

3 r 4dr
a

r
∫

€ 

Vr −
ρoa

2

6εo
= −

ρo
6εoa

3
r 5

5
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
⎤ 

⎦ 
⎥ 
a

r

= −
ρo
6εoa

3
r 5

5
−
a 5

5
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr = −
ρo
6εoa

3
r 5

5
−
a 5

5
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +

ρoa
2

6εo
= −

ρo
6εo

r 5

5a 3
−
a 2

5
− a 2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −

ρo
6εo

r 5

5a 3
−
a 2

5
−
5a 2

5
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr = −
ρo
6εo

r 5

5a 3
−
6a 2

5
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −

ρo
30εo

r 5

a 3
− 6a 2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

Vr =
ρo
30εo

6a 2 − r
5

a 3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ (r < a) At r = a

€ 

Va =
ρo
30εo

6a 2 − a
5

a 3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =

ρo
30εo

6a 2 − a 2( ) =
ρo
6εo

a 2

b.)

r

E

ar

€ 

ρo
6εo

a 2

r

V

a

€ 

ρo
5εo

a 2

HO 33 Solutions


